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A model equation is derived to study trapped nonlinear waves with a turning effect,
occurring in disturbances induced on a two-dimensional steady flow. Only unimodal
disturbances under the short wave assumption are considered, when the wave front
of the induced disturbance is plane. In the neighbourhood of certain special points of
sonic-type singularity, the disturbances are governed by a single first-order partial
differential equation in two independent variables. The equation depends on the
steady flow through three parameters, which are determined by the variations of
velocity and depth, for example (in the case of long surface water waves), along and
perpendicular to the wave front. These parameters help us to examine variousrelative
effects. The presence of shocks in a continuously accelerating or decelerating flow has
been studied in detail.

1. Introduction

Nonlinear hyperbolic waves in many dimensions have been the subject of many
recent investigations. Of special significance is the case when unsteady unimodal
disturbance waves are generated in a basic two-dimensional steady flow and are
momentarily trapped at certain points in the flow. This occurrence is of interest, for
example, in the transonic flow of a polytropic gas past an aerofoil or through con-
verging or diverging nozzles. This could also occur in the case of long surface water
waves over a sloping bottom. The case of transonic flow has been studied in great
detail by Prasad (1973), Spee (1971) and Nieulwand & Spee (1968). The case of water
waves has received little attention and it is to this study that we shall devote this
paper.

In the above two cases, there are certain effects which play an important part in
determining the nature of the flow and in the existence of continuously accelerating
and decelerating flows through the speed of sound; these are tested below.

(1) The steepening of the waves, due to the nonlinearity present in the system.

(2) The trapping of waves, due to the presence of points in the flow field at which all
the components of the ray velocity approach zero. At these points, which are
singularities of the sonic type, trapping occurs only when the normal to the wave
front is in a privileged direction, namely in the direction of the streamlines of the
steady flow at that point.

(3) The turning of the wave front, due to the presence of velocity gradients along
the wave front, namely in a direction perpendicular to the streamlines. This turning
of the wave front contributes to its eventual release from the trapped position.
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(4) The growth or decay of disturbances, due to inhomogeneity, such as favourable
or adverse inclination of the bottom in surface water waves.

These four effects, including their interaction, are investigated here in detail. The
occurrence of shocks in continuously decelerating flows through a sonic-type singu-
larity, their velocity of propagation, their growth or decay are dictated by the above-
mentioned effects.

In this paper, we derive an approximate equation, which governs the propagation
of disturbance pulses moving slowly over a two-dimensional steady flow of long surface
water waves in shallow water over a sloping bottom. However, the model equation
derived here is very general and applicable to all hyperbolic genuinely nonlinear waves
with turning effect in two space dimensions (including the transonic problem). Turning
of the waves in transonic flow has been discussed by Prasad & Krishnan (1977) but
the approximate model equation obtained by them is very complicated due to the
presence of the curvature of the wave front. In our analysis, we have assumed the wave
front of the induced disturbance to be plane. This is not a major assumption, as the
curvature can be combined with damping or growth of the disturbance due to the
convergence or divergence of the rays; however the simplification in the analysis is
considerable and the resulting model can be studied analytically. We restrict our
attention to those disturbances which are confined in the neighbourhood of a wave
front (short-wave approximation), especially around singularities of the sonic type,
where the normal to the wave front is in the direction of the stream line. These distur-
bances are governed by a single first-order partial differential equation in two inde-
pendent variables (cf. Prasad (1973) in the case of transonic flows without turning
effects considered), which lends itself to a detailed study. The equation depends on the
steady flow through three parameters, which depend on the variations of velocity and
depth both along and perpendicular to the wave front. These parameters help us to
study the relative effects of turning of the wave front and increasing or decreasing depth
of the bottom. The area of the disturbance in the phase plane associated with the
characteristic equations of the governing partial differential equation grows or decays
with time depending on whether the depth is decreasing or increasing normal to the
wave front. The presence of shocks in a continuously accelerating or decelerating flow
has been studied in detail.

2. Equations governing the motion and derivation of the model equation
Let uy, vy, a4, 7, all of which are functions of z and y describe the steady flow of a
fluid in shallow water over a sloping bottom. Here ¢ = [u,, v,] is the fluid velocity in the
(,y) plane perpendicular to the height, 7, is the height of the fluid over the still water
level and a, = (77,+ k)? is the undisturbed sound velocity in the fluid.
The equations satisfied by u,, v, and 7, in the long wavelength limit are (in terms
of non-dimensional quantities):

UgUog T+ Vo Ugy + oz = 0, (1)
Uy Vo + Vo Vgy + gy = 0 (2)

and U oz T+ VoToy + (Mo + ) (Ugz + Vo) = — Ughy—Vohy,. (3)
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Let U = Uy +Uy(2,y,1), N = No+M(,9,1),
v =0+v(z,y,1), a=ay+ar,y,l) (4)
_ 3 1%, ¥,1)
(770+h) + 2(10

denote a perturbation of the steady flow, where the quantities with subsecript 1 are of
an-order of magnitude, say &, smaller than those with subscript 0. The above quantities
give a first-order approximation to the flow. Neglecting terms of 0(4?), the system of
equations in matrix form governing u,, v, and 7, is found to be:

Vv oV oV

W—+A—%+B—@=C, (5)
where Uy Ug+ Uy 0 1 \
U=[vl], A={ 0 Ug+ Uy o |
M Mo+ +h 0 o+ Uy,
Vo+v; 0 0 — Uy Ugy— V1 Uy, (6)
B= [ 0 vo+ v, 1 }, C-= — Uy Vo — V1 Vgy
0 TotM+h vo+v, —Ushy—v1hy — Ui Moz — 010y |

— 11 (%o + Voy)

The above system is hyperbolic with ¢ as a time-like variable. If n,, n, represent the

direction cosines of a normal to the wave front at £ = constant, then the characteristic
velocities of the system are distinct and are given by

€1 = UN +VNy, Cg 3= UN +VR,Fa. (7)

We restrict ourselves in this study to disturbances which are confined in the neigh-
bourhood of a particular characteristic surface, say, ¢(z,y,t) = 0 given by

e+ ug, +vd, +a(di+ 45t = 0. (8)
We note that n, and n, are given by
nl ¢.£ ¢U (9)

o T (B

and satisfy n2+nZ = 1. In terms of the angle 6, which the normal to the wave front
makes with the positive z-axis
n, = cosf, mn,=sinb. (10)

The equation to a bicharacteristic curve on this surface is given by (Prasad 1975)
€= x(o-l)’ ?/ = ?/(0'1), t= t(”l)’ (11)
dx

where
dy
——=ut+tna, ===v+mn,a,

1

do, do, do,
do
do. Ny Mgty — Ny Uy) + NNV — T V) + (Rya, — My 0,)
1
i tl
or equivalently dn, . & dny i i )
doy  *do, doy, doy
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Equation (12) helps to determine n,, n, as functions of x and y, when they are specified
initially at ¢ = 0. We introduce a set of new variables w,, w,, ws by the relation

u, n, ny,  —ny| [
Vil =Ny My n, Wyl (13)
7, a —a O )

where the columns in the matrix of transformation is the set of linearly independent
right eigenvectors corresponding to the characteristic velocities c¢5, ¢, and ¢,
respectively. Here we are interested only in disturbances which consist of a single
mode confined in the neighbourhood of a characteristic surface (or a moving wave
front with velocity ¢,). We further make the short wave assumption, namely that the
disturbance is non-zero over a distance of order & from the wave front, where & is small
compared to the characteristic length of the problem. Following Prasad (1975), we can
show that in the neighbourhood of the characteristic surface (8),

Wy, Wy € Wy = O(F). (14)

The system of equations (5) together with the transformation (11) reduces to the
following equation in the neighbourhood of ¢(z,y,t) = 0, under the short-wave
agsumption (14):

dw 0 7 -
d 0 0 7
where o= 5t+(u0+a0n1)a—x-+(v0+a0n2)é§ (16)
and
- a 1 oa oa
K =-— EO (M1 + ngy) *T‘O [(u°+a°n1)8_x0+ (Uo'*'aonz)—a‘;;} — $(1+nd) g,
NNy

1
— 5= (Ugy + Voz) — 1 +nj) Voy ~ 2. [Py +nohy, + 1y 70, + 1979yl (17)
o

d/do, denotes derivation along a zeroth-order bicharacteristic of the system (5) given
by equations (11) and (12).

In particular, we now concentrate our attention on the study of the motion of the
wave in the neighbourhood of certain special points, namely those at which both
components of the ray (or bicharacteristic) velocity vanish. At these points, denoted
by (x*, y*), we have

uf +agn, =0, vf+afn,=0 (18a)

(* above a quantity denoting its value at the point (x*,y*)), so that the normal to the
wave front is in the direction of the streamline at that point, i.e.
ud v

Ny=——, Mp=——5 and ug+of?=ag? (18b)
Qo Qo

From equation (15) we notice that at those points (z*, y*), when n, and n, are given by
(18b), the velocity of propagation of the disturbance approaches zero and the wave is
temporarily trapped. Only these waves will be trapped at sonic points when the wave
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fronts are normal to the streamlines. To study these trapped waves, when the wave
front is assumed plane, we transform to new variables:

£ = ny(t) (@ —2*) +na(t) (y —y™),
£ = —my(t) (x—x*) +ny(t) (y — y*), (19)
¢ =1t
where £, { are co-ordinates perpendicular to and along the wave front. If, at ¢ = 0, n,(0)
and n,(0) are given by (18b), then at subsequent times »,(t), n,(t) denote the rotation
of the wave front about the original trapped configuration. As we are confining our-
selves to the neighbourhood of special points (x*, y*) specified by (18a), we can
simplify equation (15) by setting
uy = ug + Eug’y + Lugy,
vy = vg + &g+ 05, (20)
ay = ag +Eag+ Lagy,
where terms of O(£2) and O(£?) have been omitted. Also for small times ¢,

ra(t) = 13(0) +tm}(0) + =

. (21)
1y(t) = ma(0) + tn3(0) +5; m5(0),

where terms of O(t3) have been omitted. The reason for retaining terms up to O(f?) in
(21) and only up to O(£, £) in (20) can be justified in the following way.
The rotation of the wave front about the trapped configuration is specified by
equations (12). In the neighbourhood of (z*, y¥), we get
d_@)* __ Yoy + V5 Vor — a3 agy (22)
dt ag
Therefore 8 — 6} = O(t) for small values of ¢, where 6§ is the undisturbed value of 0 at
(x*, y*). However,

dx*_ * * 0 *0? ()
5] =% tasn =0+a n1(0),

an\* _ .
(Z)" - asmio)

and this gives us x—z* =0(?), y—y*=0(?), (24)
so that (x — z*) and (y — y*) are of O(¢2) for small values of ¢. So, if we retain terms up to
O(£) in (20), we shall have to retain terms up to O(t2) in (21), where

2 = O(£). (25)
Using equations (20) and (21), equation (15) simplifies to

—ugug — vo 'Uog +af aog
30,4+

(23)

Oy

6w1 0) uy +"2(0)"’3<)] £

2
+[t(u:uog+v3=vo;—aoaog> 5( 5(0) uf +73(0)v5)

£ ¢ ow
5 { — ud (v + udy) — o5 (v — ude) + agady} += (v ugy — uo vor) a_gl =Kuw,.
0 0
(26)
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Under the short-wave assumption, we require that the variation of w; with £, { and ¢/
are such that dw, /0§ is the most prominent. This implies that w; varies more rapidly
perpendicular to the plane wave front than along it. Other quantities being of
comparable order, we neglect terms containing dw,/2¢ in comparison with dw,/ok.
Suitably scaling w,, £ and ¢’ and neglecting higher-order terms, w, is then governed by

0w _ s —uFul—v¥vl+a¥al\ T2, , 0w .
Gt |10+ B (T ) L 3(0) uf +mi(0) )| 3 = K@, (2)
oty g 2 £

where all barred quantities are of order one. The derivatives of n, and n, can be
calculated using the ray equations (12). After some lengthy computation, we obtain

00y, A, A 001
_ —uXulk — v¥o¥ +a¥ak * g
where _ vkt 3oy W
¢ a¥ 2 9F ' 2a¥
- 1
C,= m (u3‘u3‘§+v6"v(’,"§—aa"a3‘§)2, (29)

Ro_o_ T 3ot M
§ 2a% 2 0F a¥
where dqF /0f represents the space rate of change of the fluid speed at the point (x*, y*)
as we move along the streamline in the steady solution, and is equal to the acceleration
of the fluid element divided by ag.

We observe the following:

(1) When the variation in depth in the direction of the streamline (i.e. perpendicular
to the wave front) is zero, then K = — 55 and the number of parameters is reduced.
This is observed in the case of transonic flow by Prasad (1973).

(2) The turning effect of the wave front is represented by the parameter C,, which
depends on the gradient of the steady flow perpendicular to the streamlines. If this
were zero (i.e. the quantities in steady flow did not vary along the wave front), then
there is no turning of the wave front.

3. Solution and discussion of results

Equation (28) is a single first-order partial differential equation in two independent
variables and its solution w,(, ') satisfying suitable initial conditions can be obtained
easily. Writing the characteristic equations associated with equation (28), we can
solve for @, and £ in terms of #’ and two parameters @, and &,. @,, represents the value
of w, at the point (£,, 0) on the £-axis in the (£,’) plane where the characteristic curve
through (£,{') meets the initial line £ = 0. Omitting bars, we have

— Kt
Wy = Wype™,

w (30)

3 C
— Cgt’ 10 . 4 t 24 ’ Cgt’
E=1§qe ft+§—j{—_—é;(6Kt—eCft)—6-? (C§t2+205t — 2 4 2¢Cet),

The basic undisturbed solution is represented in the (w;, £) plane by the line w, = 0.
We consider perturbations bounded in space, namely those represented in the (w,,£)
plane by a closed curve, a part of whose boundary is the line w; = 0. In a perturbation,
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the space rate of change of w, as we move with wave velocity (§w1+6§§+0tt’2) is
Ko, /(30,+C£+C,t'?). If § is the area bounded by an arbitrary closed curve in the
(wy, &) plane, whose points move in accordance with equation (28), then

1dS o, iy, 0 _ __ M

If h¥/2a} <0, the disturbed area grows exponentially with time, whereas for
k¥ [2a¥ > 0 it decays rapidly. When the depth of the bottom does not vary along the
streamline (i.e. b} /20§ = 0), the constant area rule applies.

If we prescribe the initial shape of the pulse at ¢’ = 0 by the function

wl(g: O) = wlo(go),

then at any other time ¢, the slope of the pulse can be obtained in terms of the initial
slope dw,y/dE, at the point £, (i.e. the point on ¢ = 0 through which the character-
istic of equation (28) from (£,t') passes) by the relation:

0, _ HE-C)
% 1—exp[—(K—-C)tT1+ (K —C;)/(dwso/dEo)]
Case 1. K—C; > 0,i.e. 93 [0£ > h} [2a¥, i.e. the acceleration of the fluid element is

greater than half the variation of & along the streamline. In this case, if the initial slope
dw,,/dE, were negative, then the slope dw, /8£ at time 7’ would become infinite, provided

2(K -C)
o (1 * 3|dw10/d§0|)'

(32)

T = (K—Cp)

Thereafter the profile would fold. So a shock wave always appears in this case first at
time T' given by
- 1 2(K —C)
T =T =—1n(1+—————5 ) 33
mn = T =0\ BT/ TEe| e @)

If the initial slope were positive, then the denominator in (32) would never vanish and
no shock wave will form. As { - o0,

o, [0& - §(K —Cy). (34)

Case 2. K —C; < 0,i.e. g5 /o€ < h¥ [2ag, i.e. the acceleration of the fluid element is
less than half the variation of k along a streamline. In this case

oy _ _ §(G— K)

23 1—-exp[(C; — K)¢'][1+3(C; — K)/(dwo/dE)]

The denominator vanishes only if dw,/d&, is a sufficiently large negative quantity,
1

namely dooyg 2(C;— K)

dE, =" 3 -

(35)

(36)

Otherwise the slope never becomes infinite, namely no shock is formed. The presence
of positive (C; — K) retards the nonlinear steepening leading to a shock and, unless the
initial negative slope is sufficiently steep, a shock will not form. As ¢ tends to infinity,
the slope tends to zero everywhere.
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F1cUrE 1. A plot of w, vs. £ before the formation of a shock. % positive tends to hasten shock
formation and reduce the disturbed area. h; negative tends to delay shock formation and
increase the disturbed area. —-—-— s he=0,0C,=0; ——~, he=—%0C;=0; —-—-~ , ﬁg =1,
Ci,=0.K = 10,¢t = 0-4.

Case 3. K —C; = 0 or dqy /o0& = h}/2a§. In this case a shock will form only if the
initial slope is negative. The shock appears first at time 7' given by
2

2|dwyy
3

g,

Once a shock forms, its motion can be followed by using the result that for a weak
shock its velocity is the arithmetic mean of characteristic velocities just ahead and
just behind the shock. The shock position £, satisfies the equation

L o Gt HouE D+ ). (3

(37)

max

We have studied case 1 in detail numerically and shown the results with the help of
graphs, starting with an initial parabolic profile in the (w,, £) plane. This initial profile
has the maximum of its negative slope at the leading edge, so that shock will first
appear at the leading edge. We have drawn the profiles in three cases, namely
he = b} /2af = 0,k = —} and h; = 1. We have chosen K = 1s0 K —C;is positive in all
three cases. Before the formation of the shock at ¢ = 0-4 (figure 1), the maximum
amplitude in all three cases is almost the same and occurs at nearly the same value of £.
The effect of non-zero C, is to shift the graph to the right by an extremely small amount,
as can be verified from equation (28). Depending on whether , is positive, negative or
zero, the area of the disturbance in (w,, £) plane decays, grows or remains constant,
respectively, with time. The shock appears at the leading edge at an earlier time in the
case when k; is positive and later when &, is negative when compared to that when
hg = 0 (table 1). The presence of C, has no influence on the time at which the shock
begins to form [cf. equation (33)]. After formation, the shock first begins to move
backwards and then moves forward with a greater shock velocity when ke is negative,
than when A, is zero (see figure 2). When #, is positive, the shock continues to move
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Fiaure 2. A plot of w, vs. £ after the formation of a shock. h; positive tends to lessen the ampli-
tude of the shock and causes it to move in the backward direction. k, negative tends to increase

—0-50

the amplitude of the shock and causes it to move faster in the forward direction. —-—-— , ﬁg =0,
C,=0;—-—-- ﬁg =-34,0C,=0; -, Eg =1,C,=0.K=10,¢t = 1-0.
sy |/i V/////ﬂ
0-50 - 50 - 7 ;
- /// i : 0-50 /‘_ |
| /
/ T: // Ti
w, y/ % IT w, . .
///// , I 7 { :
o251/ i 7, 55
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1/ 7/ + i y/4 i
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/i IR 74 ] {
—0-25 0 0-25 —0-25 0 0-25 0-50
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Ficure 3. The effect of C, is to cause the shock to move faster in the forward direction. It does
not have any appreciable effect on the amplitude of the shock. (1) EE =0,C, = 0; (2) ﬁg = 0,
Cr=01;3)h=—40C=0; 4k =—4C, =01; (5) Fy = 1,0, = 0; (6) by = 1,C, = O-1.
K =10,t = 1-0.

backwards. The amplitude of the shock increases steadily with time when %, is negative
or zero, but decreases when h, is positive. The effect of C, is to give an added shock
velocity in the forward-moving direction, as seen in figures 3 and 4, at times ¢ = 1-0 and
t = 1-7, respectively. Even when Eg is positive, after a certain time the effect of C, is to
cause the shock to move forward instead of backward. The amplitude and the base
width of the triangular form of the shock are hardly affected by the presence of C,. The
area rule of the disturbance can be verified from table 1. At¢ = 1-7, the disturbance in
all three cases has taken a triangular form, which will persist for all later times.
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F16URE 4. The combined effect of k; and C, on the amplitude and velocity
of the shock. K = 1-0, ¢ = 1-7. For key to numbers see figure 3.

Regarding the nonlinear stability of the flow, we can conclude that, when &, = 0 and
— 3%, the flow is unstable, whereas, for ﬁg = 1, the flow is stable as the disturbance
shrinks rapidly with time.
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